Abstract: An analytical solution for describing the non-Darcy displacement of a Newtonian fluid by a non-Newtonian fluid in porous media has been developed. The two-phase non-Darcy flow is described using the Barree-Conway model under multiphase conditions. A power-law non-Newtonian fluid, whose viscosity is a function of the flow potential gradient and the phase saturation, is considered. The analytical solution is similar to the Buckley-Leverett theoretical solution, which can be regarded as an extension of the Buckley-Leverett theory to the non-Darcy flow of non-Newtonian fluids. The analytical results revel how non-Darcy displacement by a non-Newtonian fluid is controlled not only by relative permeabilities but also by non-Darcy flow coefficients as well as non-Newtonian rheological constitutive parameters and injection rates. The comparison among Darcy, Forchheimer and Barree-Conway models is also discussed. For application, the analytical solution is then applied to verify a numerical simulator for modeling multi-phase non-Darcy flow of non-Newtonian fluids.
Introduction
Flow of non-Newtonian fluids in porous media is involved in a wide range of practical applications, such as the penetration of glue in porous substrates, the injection of cement in soils, filtration of polymer solutions, etc. (Sochi, 2010) . One of the important applications is the enhanced oil recovery (EOR) process in petroleum engineering, in which many nonNewtonian fluids (jel, polymers, foams, emulsions, etc.) are usually used (Alsofi and Blunt, 2010; Li and Delshad, 2014; Rossen et al., 2011; Wu et al., 1991) . Non-Newtonian fluids in porous media exhibit a nonlinear behavior, which does not exist in the flow of Newtonian fluids (Uscilowska, 2008 ).
Darcy's law has been applied widely to study flow and transport behaviors through porous media (Darcy, 1856) . However, the relationship between pressure (or potential) gradient and flow velocity at high flow rates cannot be modelled by Darcys law any more (Bear, 2013; Spivey et al., 2004) . There is more evidence that the non-Darcy flow at high flow rates occurs in many subsurface, engineering porous and biological porous flow systems (Schfer and Lohnert, 2006; Vafai, 2010; Wu et al., 2011) . Motivated by its importance in practical applications and scientific interest, understandings about the flow behavior at high flow rates have been developed by means of experimental and numerical analysis (Evans et al., 1987; Huang and Ayoub, 2008; Mayaud et al., 2014; Pereira et al., 2006; Vincent et al., 2000; Ye et al., 2014) . The Forchheimer equation has been used extensively to describe such high velocity flow (Ergun, 1952; Forchheimer, 1901; Wu, 2001; Wu, 2002) , which adds a quadratic flow term to account for high velocity inertial effects. However, the Forchheimer equation has been found to be inadequate for modeling the non-Darcy phenomena over the entire flow velocity range (Barree and Conway, 2004; Barree and Conway, 2009; Ranjith and Viete, 2011; Zhang and Yang, 2014a; Zhang and Yang, 2014b) .
Recently, Barree and Conway (2004; 2009 ) developed a new model for describing the non-Darcy flow based on experimental and field data. The further laboratory researches and analyses (Lai et al., 2012; Lopez-Hernandez, 2007) in-dicate that the Barree-Conway model can describe the nonDarcy flow behavior from low to high flow rates. This model has been applied to the single-and multi-phase non-Darcy flow analysis in porous media (Al-Otaibi and Wu, 2010; Wu et al., 2011) . However, all the existing researches and development are focused on the Newtonian fluids. To our best of knowledge, there are no analytical and numerical solutions available for multi-phase non-Darcy flow of non-Newtonian fluids according to the Barree-Conway model.
In this paper, an analytical solution describing the nonDarcy displacement of a non-Newtonian fluid by a nonNewtonian fluid in porous media has been developed for one-dimensional flow based on the Barree-Conway model. A power-law non-Newtonian fluid is considered in this work. The analysis approach follows upon the classical theory of Buckley and Leverett (Buckley and Leverett, 1942) and our previous works for multiphase non-Newtonian fluid flow and displacement in porous media (Wu et al., 2011; Wu et al., 1991) . A general procedure for evaluating the non-Darcy behavior of non-Newtonian fluid displacement is developed, based on the analytical solution, which is similar to the graphic method used in Wu et al. (1991) . This work can be regarded as an extension of the Buckley-Leverett theory to the non-Darcy flow of non-Newtonian fluids in porous media.
Mathematical model
Consider the flow of two immiscible fluids (one Newtonian fluid and one non-Newtonian fluid) in a homogeneous porous medium. Assume that no interphase mass transfer occurs between the two fluids and ignore dispersion and adsorption effects. The governing equation for fluid is then given by the mass conservation equation,
where ρ l is the density of fluid l (l = ne for the Newtonian fluid and l = nn for the non-Newtonian fluid), v l is the flow velocity of fluid l, q l is the sink/source term of phase l per unit volume of porous media, S l is the saturation of fluid l , t is time, and φ is the effective porosity of porous media. The flow velocity (volumetric flow rate) in non-Darcy flow for each fluid and its dependence on other parameters need to be defined before the governing equation (1) can be solved. On the basis of experimental data and theoretical analyses (Lai et al., 2012; Lopez-Hernandez, 2007; Wu et al., 2011) , the multiphase extension of the Barree-Conway model is used in this work, given by:
where k d is the constant Darcy or absolute permeability, k rl is the relative permeability to fluid l, µ l is the dynamic viscosity of fluid l, k mr is the minimum permeability ratio at high rate, relative to Darcy permeability, τ is the inverse of characteristic length, and Φ l is the potential gradient, defined as:
here g is the gravity acceleration vector. For a power-law non-Newtonian fluid, the relationship of shear stress σ and shear rate γ can be described as follows:
where n and H are parameters, called power-law index and consistency of the power-law fluid, respectively. The powerlaw index is a dimensionless constant, and for pseudo-plastic or shear thinning fluids ranges over 0<n<1 . The consistency H has units (Pa·s n ), depending on the index n . For a Newtonian fluid, n = 1 and the viscosity equals the constant H . Apparent viscosity for a power-law fluid is defined as:
For single-phase flow, the modified Blake-Kozeny equation for one-dimensional flow of power-law fluids gives (Bird et al., 2007) :
where effective viscosity is defined as:
Equation (6) is the usual flow model used in engineering treatment. Recently, Mikelic (1997) used homogenization theory to derive a nonlinear, one-dimensional power-like law, which is identical to Equation (6). However, Mikelic pointed out that this law could be extended to the N -dimensional (N > 1), from an engineering point of view (Mikelic, 1997) .
As aforementioned in our previous work (Wu et al., 1991) , for the two-phase flow case, we can extend Equation (7) by replacing k by kk rl and φ by φ(S nn − S nnr ) to obtain:
In this work, we relate the flow velocity to the pressure gradient as is normally done in multiple-phase extension of non-Darcy flow, with all of the nonlinearities combined into an equivalent non-Newtonian viscosity (Wu et al., 1991) . Then, we write:
This requires the volumetric flux be equal to Equation (6), leading to:
It should be noted that the Equations (9) and (10) are valid for Darcy flow case. However, the recent research results (Tosco et al., 2013) indicate that the inertial effect and coefficients are demonstrated to be independent of the viscous properties of the fluids, and the above Equation (10) may be directly used in Equation (2).
For capillary pressure and saturation, we still use:
Analytical solution
For the derivation of the analytical solution, we assume that the following Buckley-Leverett flow conditions (Wu et al., 2011) : (1) Both fluids and the porous medium are incompressible; (2) Capillary pressure gradient and gravity segregation effect are negligible (i.e., stable displacement exists near the displacement front); (3) One-dimensional flow and displacement is along the x coordinate of a length L of linear flow system with a constant cross-sectional area A.
Among these assumptions, incompressibility of fluids and porous media is critical to derive the Buckley-Leverett type solution. This assumption provides a good approximation to displacement processes of two liquids (e.g., oil and water) through porous media, because of the small compressibility of the two fluids as well as rock. For gas and liquid displacement, this assumption may pose certain limitation to the resulting solution, when large pressure gradients build up in a flow system. In many cases, however, this assumption may still provide acceptable approximations because the viscosity of the gas phase in normal reservoir conditions is 2 orders of magnitude lower than the liquid phase. This tends to prevent high-pressure gradients from building up, as in the case of the Buckley-Leverett solution, which was also derived for oil and gas displacement originally.
Considering a one-dimensional problem and ignoring the sink/source term, Equation (1) can then be written as follows:
where v l is the x-component of seepage velocity or volumetric flow rate (m/s) per unit area of porous media for fluid l . For the one-dimensional flow, v l can be determined by Equation (2):
where ∂ ∂x is the component of the pressure gradient along x-coordinate, the same for the Newtonian or non-Newtonian fluids since we neglect the capillary gradient term in this work, g is the gravitational acceleration constant, and α is the angle between the horizontal plane and the flow direction (i.e. the x-coordinate), as illustrated in Figure 1 .
To complete the mathematical model of the physical problem, the initial and boundary conditions must be specified. For simplicity in derivation, the system is initially assumed to be uniformly saturated with both Newtonian and non-Newtonian fluids. The non-Newtonian phase is at its residual saturation, and a Newtonian fluid is at its maximum saturation in the system as follows:
where S nnr is the residual non-Newtonian fluid saturation. Non-Newtonian fluid, such as polymer solution, is continuously being injected at a rate, q(t). So, the boundary conditions at the inlet are:
Following the work of Wu et al., 2011 , the fractional flow concept is used to simplify the governing equation (13) in terms of saturation only. The fractional flow is defined as the volume fraction of the phase flowing at a location and time t to the total volume of the flowing phases (Bear, 2013) , which can be written as:
From the definition, we have f nn + f ne = 1 . Equations (10) and (17) indicate that the fractional flow of the displacing non-Newtonian fluid, f nn is generally a function of both saturation and potential gradient. Under the usual simplifications made in the Buckley-Leverett problem, however, the potential gradient is related uniquely to saturation as follows:
Therefore, the fractional-flow function in equation (17) ends up being a function of saturation only, and the Welge graphic method (Welge, 1952) can be applied for evaluation of nonDarcy displacement of immiscible fluids. For a particular saturation of the non-Newtonian fluid, S nn , the corresponding flow potential gradient for the non-Newtonian fluid can be derived by introducing equation (18). The apparent viscosities for the non-Newtonian fluid are determined by use of equation (10), and then the fractional-flow curve can be calculated from equation (17).
The governing equation, (13), subject to the boundary and initial conditions described in Equations (15) and (16), can be solved as follows:
This is the frontal advance equation for the non-Darcy displacement of a Newtonian fluid by a non-Newtonian fluid, and it has the same form as the Buckley-Leverett equation. However, the dependence of the fractional flow f nn for the non-Darcy displacement on saturation is different. The fractional flow, f nn , is related to saturation not only through the relative permeability functions, but also through the nonDarcy flow relation and non-Newtonian rheology constitutes, as described by Equations (2) and (10).
For a given time and a given injection rate, Equation (19) indicates that a particular non-Newtonian fluid saturation profile propagates through the porous medium at a constant velocity. As in the Buckley-Leverett theory, the saturation for a vanishing capillary pressure gradient will, in general, become a multiple-valued function of distance near the displacement front (Cardwell, 1959) . Equation (19) will then fail to describe the velocity of the shock saturation front since ∂f nn /∂S nn does not exist on the front, because of the discontinuity in S nn at that point. Consideration of mass balance across the shock front, Sheldon and Cardwell (1959) provides the velocity of the front:
where S nnf is the shock front saturation of the displacing non-Newtonian fluid. The plus and minus superscripts refer to values immediately ahead of and behind the shock front, respectively.
The location x of any saturation S nn traveling from the inlet at time t can be determined by integrating equation (19) with respect to time, which leads to:
For a given injection rate, q(t) , the derivative ∂f nn /∂S nn within the integral is also a time-dependent function. Therefore, the solution (21) for non-Darcy displacement of nonNewtonian fluid differs from the Buckley-Leverett solution.
Considering a constant injection rate, then Equation (21) becomes:
where q is the constant injection rate, and q(t) is the cumulative volume of the injected fluid.
For given x and t , using Equation (22) will result in a multiple-valued saturation distribution, which can be handled by a mass balance calculation, as in the Buckley-Leverett solution. An alternative Welge graphic method (Welge, 1952) can be shown to apply to calculating the above solution in this case. The only additional step in applying this method is to take into account the contribution of the pressure gradient dependence on the non-Newtonian viscosity and non-Darcy coefficient, using a fractional flow curve. Then the nonNewtonian fluid saturation at the shock front can be obtained by:
Then, the complete saturation profile can be determined using Equation (22).
Results and discussion
In this section, the analytical solution presented above is used to give us some insight into non-Darcy flow and displacement phenomena of non-Newtonian fluids. Initially, the one-dimensional linear porous medium system is assumed to be saturated with only a Newtonian fluid, and a nonNewtonian fluid is injected at a constant volumetric rate at the inlet, x = 0 , starting from t = 0. The relative permeabilities are given as power-law functions of saturation similar to the Brooks-Corey curves (Alpak et al., 1999) :
where k rl,max is the maximum relative permeability of fluid l, n l is the exponents of fluid l.
Effects of non-Darcy parameters
For a given constant injection rate, the solution (22) shows that non-Darcy non-Newtonian fluid displacement in a porous medium is characterized not only by relative permeability data, as in Buckley-Leverett displacement, but also by nonDarcy flow coefficients and non-Newtonian fluid parameters. Using the analytical solution, some fundamental aspects of non-Darcy displacement will be shown. Figure 2 shows the relative permeability curves. The fluid and rock properties are summarized in Table 1 . (18), shows that pressure gradients change significantly as a function of saturation for different non-Darcy parameter, τ . At both high and low values for the non-Newtonian fluid saturation, the pressure gradients become relatively small, because the total flow resistance decreases as the flow is close to single-phase flow condition. In addition, Figure 3 indicates that as the non-Darcy flow parameter τ decreases, the pressure gradient increases at the same saturation value under the same injection rate due to a larger non-Darcy flow term effect. However, Equation (2) indicates that the pressure (or potential) gradient is a comprehensive function of non-Darcy parameters, τ and (14) and (17), shows that both all the fractional flow and its derivatives change significantly with varying injection rates for horizontal displacement system. The fluid and rock properties are the same as Table  1 , except the non-Darcy flow parameters τ and k mr . The effects of injection rates on non-Darcy displacement is shown in Figure 9 -a, in which constant non-Darcy flow parameters, τ = 500 and k mr = 0.001, are used with all three injection rates. Figure 9 -a indicates that non-Darcy displacements of non-Newtonian fluid are also sensitive to injection rates. This rate-dependent displacement behavior is entirely different from a Buckley-Leverett or Darcy displacement, because the latter is independent of injection rates.
Effects of injection rates
Under non-Darcy flow condition, Figure 9 -a shows that for the same volume of water injected with the three injection rates, saturation profiles in the system are very different. Lar- ger injection rates display better sweeping efficiency overall. This is because higher injection rates create larger flow resistance to the displacing phase due to the non-Darcy term, and as a result this will lower flow velocity of the displacing phase, relative to that of the displaced phase, resulting in a better sweeping performance. Figure 9 -b indicates the apparent viscosity of non-Newtonian fluid is sensitive to the injection rate.
Effects of non-Newtonian fluid parameters
There are two parameters that characterize the flow behavior of a power-law fluid, the exponential index, n, and consistency parameter, H. For a pseudoplastic fluid, 0<n<1 . If n = 1, the fluid is Newtonian. The effect of the power-law index, n, on horizontal displacement can be quite significant. Figure 10 a shows that the pressure gradients are changed largely as a function of saturation for different n . The apparent viscosities of several non-Newtonian fluids are given in Figure 10 -b, and the resulting fractional flow curves are shown in Figure 11 . In all these analysis, constant non-Darcy flow parameters, τ = 500 and k mr = 0.001, and a constant injection rate, q = 1.010-3 m 3 /s, are used with all different power-law indexes. The other fluid and rock parameters have been listed in Table 1 .
Saturation profiles after 0.1-hours injection period in the system are plotted in Figure 12 . Note the significant differences in sweep efficiency. Since the power-law index, n is usually determined from an experiment or from well test analysis, some errors cannot be avoided in determining the value of n because of the extreme sensitivity of the core saturation distribution to n. The sensitivity of the displacement behavior to the power-index n suggests that in determining the index n , it may be helpful to match experimental saturation profiles using the analytical solution. 
Comparison between Barree-Conway and Forchheimer models
The equivalent Forchheimer non-Darcy parameters can be evaluated from the Barree-Conway model input parameters (wu et al., 2011) . A multiphase extension of the Forchheimer model can be described as follows (Wu, 2001) :
where β l is the non-Darcy flow parameter for fluid l under multi-phase flow conditions, and it is given as: where C β is a non-Darcy flow constant with a unit of meters 3/2 if converted to SI units. From Equations (2) and (27), we can solve non-Darcy parameter β l in term of BarreeConway input parameters:
And then, we can calculate the non-Darcy constant, C β , according to the single-phase case in Equations (27) and (28), which is given by: Figure 13 shows a comparison among Darcy, Forchheimer non-Darcy, and Barree-Conway non-Darcy models. The corresponding calculation parameters are summarized in Table 2 . The relative permeability parameters are the same as Table   1 . Note that to compare the results from the two non-Darcy models, equivalent non-Darcy flow parameter C β are used for the Forchheimer and Barree-Conway models. As shown in Figure 13 , the two non-Darcy models, when using the equivalent non-Darcy flow parameters, present similar behavior where non-Darcy effect decreases the frontal velocity, and the slight discrepancy between the two non-Darcy models appear to be minimal. Actually, the equivalent non-Darcy flow parameter C β should also be a function of saturation according to Equations (27) and (28) . However, the non-Darcy flow parameter C β is constant in Forchheimer model. This is the main cause of slight difference between Forchheimer and Barree-Conway models results. Nevertheless, the difference between the non-Darcy and Darcy displacement seems large.
Verification of numerical model
In this section, the analytical solutions are used to examine the validity of the numerical method implemented in a general purpose, three-phase reservoir simulator, the MSFLOW code (Wu, 1998 and 2015) , for modeling multiphase non-Newtonian flow and displacement processes according to the BarreeConway model, i.e. Equation (2) (Wu et al., 2011) . To reduce the effects of discretization on numerical simulation results, very fine, uniform mesh spacing ( x= 0.01 m) is chosen. A one-dimensional 5-m linear domain is discretized into 500 one-dimensional grid blocks.
The flow description and the parameters for this problem are illustrated in Table 3 . The relative permeability parameters are the same as Table 1. In the numerical simulation the non-Darcy flow flux, Equation (14), is estimated using a full upstream weighting scheme as that for the relative permeability function. The comparison between the numerical and analytical solutions is shown in Figure 14 . Figure 14 indicates that the numerical results are in excellent agreement with the analytical solutions of the non-Darcy displacement for Comparison between analytical and numerical solutions after 10 hours of injection, the corresponding fluid and rock properties are listed in Table 2 . the entire non-Newtonian phase sweeping zone. Except at the shock front, the numerical solutions deviate only slightly from the analytical solutions, resulting from a typical smearing front phenomenon of numerical dispersion effects when matching the Buckley-Leverett solution using numerical results (Aziz and Settari, 1979) . Considering the complexity introduced when non-Newtonian fluid non-Darcy flow is involved in a multi-phase flow problem, the results from Figure 14 provide a very encouraging indication that our numerical model is correct in describing the multi-phase immiscible displacement of non-Darcy and non-Newtonian fluid flow in porous media.
Conclusions
An analytical solution for describing the non-Darcy displacement of a Newtonian fluid by a non-Newtonian fluid through porous media, according to the Barree-Conway model has been developed. A general power-law viscosity function for a non-Newtonian fluid is proposed and used in the solution, which relates non-Newtonian fluid viscosity to the local pressure (or potential) gradient and saturation. The two-phase nonDarcy flow is described using the Barree-Conway model. The analytical solution, derived in this work, is based on the same assumptions as those used for the Buckley-Leverett solution.
The analytical results are used to obtain some insight into the physics of non-Darcy displacement involving nonNewtonian fluid. The solution reveals that non-Darcy displacement by a non-Newtonian fluid is a more complicated process than the Darcy displacement described by the BuckleyLeverett solution and the non-Darcy displacement of a Newtonian fluid. Two-phase non-Darcy flow and displacement are controlled not only by relative permeability curves, such as in Darcy displacement, but also by non-Darcy flow parameters as well as non-Newtonian rheological constitutive and injection rates. The comparison between Forchheimer and BarreeConway models indicates a similar flow behavior observed, which is very different from prediction of Darcy model. Furthermore, the analysis procedure in this work can be easily extended to other one-dimensional geometries, such as radial or composite systems. In addition, the analytical solution is also applicable to displacement processes involving other non-Darcy flow models and other non-Newtonian rheological constitutive models, such as Bingham-, Cross-and Carreautype fluids.
